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Foreword

These are the course notes for Descriptive Physical Oceanography,
taught at the University of Victoria, School of Earth and Ocean Sci-
ences, a 13-week undergraduate course.

Unlike many physical oceanography courses, students taking this
course are not expected to have studied vector calculus or differential
equations, nor are they expected to have learned classical mechanics
beyond what is typically offered in a first-year physics course. Many
of the students have a deep interest in understanding the ocean and
often approach the course with considerable intuition. The challenge
of a course like this is to offer more than just a list of facts, but rather
to try to give a feeling for the forces that drive the ocean, without
becoming too bogged down in mathematical formalism. As such, this
course tries to strike a balance between knowing about the various
physical phenomena in the ocean and understanding the dynamics
that give rise to them, while still giving students some practice in
practical calculations.

The course is divided into three unequal parts: overturning cir-
culations driven by lateral buoyancy differences and mixing; waves
and tides; and wind-driven circulations. We start with estuaries as
a nice introduction to overturning circulations, but also because the
students do work in Saanich Inlet, and understanding estuaries early
is very helpful.
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13
Sverdrup balance and basin-scale circulation

We saw above that the Ekman balance can drive convergences and
divergences in the ocean, and that these cause the water to pile up
preferentially creating pressure gradients. The pressure gradients are
then balanced by the Coriolis force, in the geostrophic balance, and
water flows parallel to lines of constant pressure, clockwise around
highs in the Northern hemisphere.

This all happens on the large scale. If we consider the subtropical
gyre, between 15 and 45 degrees, there is an Ekman convergence
towards the centre of the gyre, and that causes there to be a sea-
surface high there. The water will flow around that sea-surface high
in a clockwise direction (northern hemisphere). However that leaves
two questions:

1. How strong will the flow be? Alternately, how high will the highs
in the middle of the gyre be?

2. Why is the gyre asymmetric east-west?

The answer is, as we will see below, that the flow is driven by
the conservation of angular momentum acting in the presence of
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basin-scale changes in the Coriolis frequency. Water with a negative
(clockwise) torque exerted on it can either spin with negative (clock-
wise) angular momentum, or it can move to a region with lower
background “planetary” angular momentum.

13.1 Circulation

Idealizing the winds and seasurface in the subtropical gyre we have
the idea that the winds blow from west to east in the westerlies (45
N) and east to west in the Trades (15 N; figure 13.1). Based on the
dynamics as we’ve understood them so far, this leads to an Ekman
convergence everywhere in the gyre, and a raising of the seasurface
height, and causing a downwelling.

Figure 13.1: Idealized sketch of the
wind stress in the subtropical gyre
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’7- a high in the middle, but offset to

situation looking at the side from the
# east towards the west. The Ekman layer
is shown with the blue arrows, noting
that there is downwelling throughout



238 INTRODUCTION TO PHYSICAL OCEANOGRAPHY

However, the observed gyre is asymmetric, with the high con-
centrated near the western boundary. This implies that the velocity
is largely equatorward everywhere in the gyre, except to the west
of the high, along the Western boundary. The real situation is even
more asymmetric than pictured in figure 13.1. If we remember that
the geostrophic interior velocity is proportional to the strength of the
pressure gradient, then we would expect very slow flow towards the
south in the interior, and very fast flow along this western boundary.
The western boundary current in the N. Pacific subtropical gyre is
the Kuroshio; the Gulf Stream is the corresponding current in the
Atlantic.

13.2  Conservation of potential vorticity

The way to understand the gyre circulation is to consider the con-
servation of angular momentum, or in fluid mechanics we call it
potential vorticity. Just like any angular momentum, the potential
vorticity changes in response to torque, in this case from the wind
and seafloor. A simplified version, useful for our case is:

dGH) 1V#cw dry  dtf

(13.1)

it\ H )~ H2%pg | dx dy ' dx  dy

Here the term on the left side of the equation is the potential vortic-
ity, and the term on the right side the torque due to the wind stress
(v, Tyw ) and bottom friction (t?). H is the water depth, and f is the
Coriolis parameter, which we keep in mind varies with latitude, or y.
We call this the planetary vorticity and is the vertical angular momen-
tum due to the earth’s rotation.

The term ¢ is the relative vorticity of the flow and is defined as:

(=0 (132)
where # and v are the x- and y-components of velocity. It is rela-
tively straight forward to see how this relates to a spinning flow
(figure 13.2). Consider a flow spinning in a counter-clockwise man-
ner. The velocity gradients in such a flow are such that zeta > 0.
This uses the right-hand rule, which says that if you curl your right
hand fingers in the direction of rotation, your thumb will point up
for positive vorticity and down for negative vorticity (this is just a
convention, and could have just as easily been the other way, but it
is useful to choose one convention and stick with it). Of course a
clockwise flow has a negative vorticity.

The same logic and sign convention applies to torque. In the gyre
W are such that d;;

sketched in figure 13.1, the gradients in T < 0,s0

the wind is exerting a negative torque on the water.

Figure 13.2: Sketch of velocity gradients
in a counter clockwise flow. Note { > 0
in this flow.
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Box 13.2.1: Derivation of potential vorticity

Potential vorticity for a barotropic fluid is relatively straight
forward to derive. We need the momentum equations and the
continuity equation:

d_u — _ld_P _i_fv_i_l&
dt  pdx p dz
dv 1dP 1dty,
@ = Tpay MMtom

If we take —d/dy of the first equation and d/dx of the second
and add them, then the pressure term drops out:

d (dv du du dv 1(d*y il
— | === ) = — f — 4+ — |+ = —
dt \dx dy dx dy o \dzdx dzdy
(13.3)
and we note that the first term is just the derivative of { with

time.

We integrate this vertically from the sea-floor to sea surface,
and assume that the water is H deep, including any sea-
surface displacements.

dr)V W dtp B

A _ (e o) 1%y _dn ) 1700 dn
dt dx dy o\ dx dy o\ dx dy
(13-4)

So now we use the fact that Z—'j( + Z—; = —dW/dz = H_l‘fi—?.
TODO: finish

We saw in the classroom demo a consequence of the conservation
of potential vorticity: when water that is initially not moving in a
rotating reference frame moves from shallow water to deep water,
the water column deepens, so H increases (figure 13.3). There are no
substantial bottom or surface friction, so no external torque on the
water column. However, it does have initial planetary vorticity, f from
the rotation of the reference frame. Since there is no torque we can
write:

Gotfo _ Crtfr

o i (13.5)

Now initially the water is not moving, and f is constant, so we can
solve for (r to find that the water is spinning with a vorticity that has
the same sign as f:

o= f (3 -1) (13.6)

and because Hr > H this is a positive number. This is all directly Figure 13.3: Sketch of parcel of water
moving from shallow to deep region.

As it moves to deep region its planetary
vorticity is stretched and manifests as
an eddy rotating in the same direction
as the planetary vorticity.

analogous to the spinning ice skater who draws in their arms, and
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makes themselves thinner, and hence spin faster, just here the effect is
caused by the earth spinning rather than the skater.

On the large scale, ie. our basin, it is important to bear in mind
two facts. First, f varies with latitude - it is higher at the poles and
zero at the equator. So that means when we think about f—;f chang-
ing with time following a parcel of water, we need to remember that
f can change too. Second, On large scales { ~ 0, and in fact if { is
large, like in an eddy or cyclone, it will tend to move poleward if it
is a cyclone, and equatorward if an anti-cyclone. To see why this is,
consider (o which is large at a latitude where f = fy. Supposing H

is constant, then for {r to be driven to zero we have an expression for

fr:
Co+ fo=fF (13.7)

So for a hurricane {y > 0, they always move poleward, and die out,
partially because they are moving to a region with higher planetary
vorticity.

13.3  Sverdrup transport

The Sverdrup transport is a straight-forward application of the con-
servation of potential vorticity equation (13.1), if we realize a few
things. First, let us approximate the ocean depth as a constant.
Second, we assume bottom friction is generally quite small, so

Tf 2 Tf =~ 0. Third, note that on the scale of the whole Pacific,
the relative vorticity is substantially smaller than f, so we can write
f+ T = f. To see this, consider the scale of the fastest velocity in the
ocean, which is about U ~ 1ms~!. This is spread over a distance of
L ~ 10,000 km, so the scale of vorticity is U/L ~ 107 s~ 1. Com-
pare to f ~ 10~* s, and it is clear that on large scales (say scales
> 10 km), f >> (. Finally, lets only consider that the wind is in the
x-direction as sketched in figure 13.1. These assumptions simplify
equation (13.1) significantly:

af 1 dr)¥
HE = —p—o ldx (13.8)

So what this says is that the rate of change of f is proportional to the
wind torque. In the sketch above (figure 13.1) the torque is clearly
negative, so this equation says that f must decrease with time fol-
lowing a parcel of fluid. The way that f decreases with time is by
moving South because f is a sinusoid centered at the equator.
Indeed the torque tells us how fast the water will move north or
south under the Sverdrup balance. If v is the north-south velocity,

It is actually the same math if the
eddy starts spinning so it has relative
vorticity as well as having planetary
vorticity, there is just an extra term:

=1 G+H-f

Of course a cyclone will also die out
due to friction, and loss of warm water
feeding the low pressure system in

its centre, but the tendency to move
North is because of the conservation of
potential vorticity.
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then

af _ s

where y is in m. df/dy is a function of latitude, but we often can
make the beta-plane approximation and assume its a constant 5. At
30 degrees latitude (the middle of the subtropical gyre) B ~ 2.3 x
10~ [(ms)~!]. The gives us the Sverdrup relation:

1 dT]}N
Hov ~ —m W (13.10)

So, in the case where the torque is negative the velocity v is negative,
and thus to the south.

Box 13.3.1: Calculating Beta

The rate of change of f with the y coordinate, = % is
readily calculated from f and the radius of the Earth, R.
f =20sinA and y = RA, so

af
dy
df dA
dA dy
20

= ?cos)x

B =

So with R = 6371 km and 2Q) = 1.45 x 1074 s~ then at 30 N,
B~ 23x 1071 [(ms)~1].

. J

So let us apply to our wind torque pictured in figure 13.1. If we as-
sume that the wind stress profile is given by 7/¥(y) = 1y sin (27‘[%) ,
where 1) = 0.INm~2, and L = 3300 km is the north-south extent of
the basin (see figure 13.4). So the gradient is given by

dT,‘CN B T Y — Y30
_W = —Top cosT (T (13.11)
So, the transport is given by
Hov ~ (4.14 m? sfl) COs 7T (y—_Ly_%o> (13.12)

So, at 30-degrees, the 2-D transport is 4.14 mZs 1, Averaged over
the 4000-m water depth we can arrive at an average velocity of

v ~ 1 mms~!, though the actual wind-driven transport tends to

be surface intensified. Integrated across the Pacific, with a width of
10,000 km this yields a total 3-D transport of 4.14 x 107 m®*s~!, or 40
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Sv. Note that as we get closer to the bottom (A = 15N) and the top
(A = 45N) the transport drops to zero (figure 13.1).

Note that this sense of transport agrees with observations of a
sea-surface high displaced to the west of the gyre. Of the flow is
clockwise around the high, then all the water to the east of the high
will be moving southwards. This estimate also accords with our best
estimates of the transport in the gyre from calculating geostrophic
velocities (figure 13.5).

120E 160°E 160°W. 120W 80°W o 40E 80°E 1208

13.3.1 Alternative derivation: Ekman pumping

An alternative way to think about the Sverdrup balance is to separate
the upper-ocean Ekman layer from the interior of the ocean. In this
case, the interior of the ocean does not feel the wind friction, and
hence has no mechanical torque acting on it. However, there is a con-
stant downwelling of water from the Ekman pumping. This causes
the water already in the interior to be squished, so dH/dt < 0, and
the water will tend to move south.

Figure 13.4: Sketch of shape of wind
stress (left), shape of Sverdrup transport
(middle), and arrows indicating what
that transport looks like when looking
from above (right).

Figure 13.5: Geostrophic streamfunction
at 5 dbar in m?s~2, estimated from Argo
floats. Red high, clockwise flow. [?]
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In terms of the vorticity equation, we can write it with no torques
and small relative vorticity as

| =

f_
T 0 (13.13)

dt = adb/dt 4 bda/dt:

~ X

or using the the fact that d(ab)

Hop = fA1 = fu (13.14)

where the rate of squishing of the deeper water is w, the rate of Ek-
man pumping (figure 13.6).

Figure 13.6: Sketch of how Ekman

compensate.

We noted in chapter 11 that the rate of Ekman pumping is related
the to curl of the wind stress:

1 dtlV
=—a (13.15)
foo dy
or,
_,dH  1atl
Hvp = fﬁ = o dy (13.16)

just like in the derivation above.
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pumping pushes down on the water in
the interior, causing H to decrease, and
hence the water to tend to flow south to
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13.4 Return flow

Remember that the Sverdrup balance applies from the top to the
bottom of the water column, so if all the water between 15 and 45 N
is flowing south under the Sverdrup balance, there has to be a return
flow to the north somewhere. The shape of the sea-surface height in
figure 13.5 indicates that the northward flow is on the west side of
the basin, and indeed we can easily argue that this is indeed true.

In order for flow to move north, it needs a positive torque. The
wind torque is negative, so the opposing torque must be from fric-
tion and tend to spin the water counter-clockwise. If we assume the
torque comes from the sides, we simply cheque the sign of the torque
exerted by a parcel of water moving north on either sidewall (fig-
ure 13.7). If the return flow were in the east, then the friction force
would be on the east side of a parcel of water, and there would be
no friction force on the left side. This would tend to spin the water
in a clockwise sense, or with negative torque. This is, of course, the
wrong sense, because we need a positive torque. If we consider a re-
turn flow on the west side, the friction is on the west side of a parcel
moving north, and there is no friction on the east side, so the parcel
will tend to be torqued in a counter-clockwise direction, and hence

this is where the return flow must be.

Figure 13.7: Sketch of sidewall torque
on two alternate return flows in a
subtropical gyre.

The final missing piece is that water must move fro the interior
to and from the western boundary current. just using conservation
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of volume, we can readily infer that the water south of 30 N must
be moving west, and the water north must be moving east. Thus
the flow follows the geostrophic contours as plotted in figure 13.5,
moving around the high sealevel in a clockwise fashion. Where the
sea level gradient is steepest, the flow is the fastest, in the Western
Boundary current.

Looking at figure 13.5, it is apparent that there is a western bound-
ary current in both the northern and southern hemispheres, and in
all the ocean basins. In the subtropical gyres, these currents carry
water from the equator towards the poles, and in the subpolar gyres,
they do the opposite. Its worth testing your knowledge by consider-
ing the wind patterns in the southern hemisphere, or the subpolar
gyre, and see if the sign of the torque accords with figure 13.5.

13.5 Example problems

1. Water starts out in 4000-m deep water and is pushed onto a
seamount where the depth is 2000 m. If f = 107* s~! and there
are no external torques acting on the water, what will its new rela-
tive vorticity be? Sketch the motion of the water on the seamount.

(Hint: this is essentially the same situation as the column of water
moving from shallow to deep in figure 13.3, but in reverse — the
water column is being squished instead of stretched.)

2. Suppose we are at a latitude where f = 10~* s~! and we have
an eddy with an initial relative vorticity {y = —5 x 107° s~1. The
eddy moves from a region where the depth is 673 m to a region
where the depth is 1346 m. What is the new relative vorticity if
there are no net torques acting on the eddy?

(Note: this uses the more general form mentioned in the margin
note — G = 7t (Go+ f) — f)

3. Consider a subtropical gyre between 15 and 45 degrees South. The
Westerlies blow from west to east with their peak at 45 S, and the
Trades blow from east to west with their peak at 15 S. The gyre is
bounded to the east and west by continents.

(@) Under these winds, will there be Ekman upwelling or down-
welling between 15 S and 45 S5?

(b) Under Sverdrup dynamics, will the interior flow be to the
north or south, and why?

(c) What side of the basin will the return flow be on, and why?

(This is the same logic as the Northern Hemisphere case discussed
in the text, but you need to keep track of the sign changes in the
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Southern Hemisphere.)

4. We have a rotating tank like that used in class, with a sloping
seafloor. The tank is rotating counter-clockwise. The wind at the
shallow side of the tank blows from right to left, and the wind
at the deep side blows from left to right. If the interior flow is
in Sverdrup balance, what direction will it flow and why? If the
Sverdrup transport is balanced by torque on the sidewalls, which
side of the tank will the flow return on, and why?

(Recall that the sloping bottom in the tank plays the role of the
variation of f with latitude — shallow is like the “pole” with
higher effective planetary vorticity, and deep is like the “equator”.)
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